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ABSTRACT 
For an n X n matrix A = (aij) > 0, we prove the Perron root r(A) satisfies the 
inequality 
r(A) > 
~~~i<j~~(“ija,j)x’x’~~=~(uii+9)XT 
Icy= ,xf -9 
for any x=kl,.... xJT > 0 with Cy= lxi = 1 and for any 9 > -min(aii}. Using this, a 
necessary condition for a real n X n matrix A with aii > 0 and ujj d 0, i Z j, 
i,j=l >..., n, to be an M-matrix is presented, viz. 
l<iq<n( w x’x’ 1 < (1+ 4)4--: k xf uiiujj i=l 
Bounds for the Perron root of a nonnegative matrix have been found by 
several authors. In this note we shall give new lower bounds. Using those, 
necessary conditions for a real matrix to be an M-matrix are presented. 
In the following we write A > B (or A > B) if aij 2 bij (or aij > bij) 
holds for all entries of the n X n matrices A = (aij> and B = ( bij), calling A 
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nonnegative (positive) if A > 0 (A > 0). This definition can immediately be 
applied to vectors by identifying them with n x 1 matrices. We call A = (aij) 
an M-matrix if it is nonsingular with aij < 0 for i # j and with A-’ > 0. We 
denote the Perron root of A by r(A). 
Now we describe lower bounds for r(A). 
THEOREM 1. ktA=(aij>>O beannxnmatrix, andx=(x,,...,x,)T 
z 0 be a vector such that Cf= ,xi = 1. Then the inequality 
(1) 
holds, where we take z” = 1 for any real z. 
Proof. We first suppose that x > 0 and A is irreducible. Then, by [ll, 
Theorem 2.11, there exists a Perron eigenvector v = (vr,. . . , v,)r > 0 such 
that 
Av = r(A)v, 
be., 
2 aijvj = r(A)vi, i=l ,...,n. 
j=l 
Let ni=xF/vi, i=l,..., n. Since E~j=,~irj = 1, it follows by the general- 
ized arithmetic-mean-geometric-mean inequality [4, p. 17, or 7, p. 4551 that 
n 
4 
aijuivj I1=J ” 
1 
” n 
xixj 
G C aijuivj = C ui C aijvj 
i,j=l i,j=l i=l j=l 
= r(A) 2 uiui = r(A) 2 x:. 
i=l i=l 
(2) 
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On the other hand, we derive 
Together with (2), this yields the inequality (1). 
If A is reducible, then the matrix A = A + eeeT = (Gij) with e = (1,. . . , lIT 
is irreducible for E > 0, and we have 
(3) 
Notice that both sides of (3) are continuous for sufficiently small E and 
iTij + aij (& + O), i,j=l ,...,n, 
r(A) --) r(A) (&_O). 
Hence, in this case the inequality (1) follows directly from (3). 
Now we suppose that x > 0 does not hold. Without loss of generality let 
with y=(y, ,..., Y,)~>O, l<r<n. 
Let A, be the r X t principal submatrix of A. From the proof above we 
derive that 
(4 
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However, A > A, implies r(A) > r(A,) (cf. [ll, Theorem 2.81). Thus (1) 
follows from (4). n 
In case all diagonal elements of A are equal to zero, the right-hand side 
of (1) equals zero, too, and we can only derive a trivial relation. In order to 
obtain better results we generalize the inequality (1). 
THEOREM 2. Let A = (aij) 2 0 be an n X n matrix and x =(x1, . . . , rn)r 
> 0 be a vector such that Cy= lxi = 1. Then the inequality 
r(A) > 
n,~i<j~“(Uij”ji)xixi~~=~(uii+Y)*P 
c;= 1x; -9 (5) 
holds for any q 2 - min, 4 i c nIu,i>. 
Proof. For any 9 > -mini <i G ,{a,J, we denote 
A(9) = (aij) = A + q~, 
i.e., 
aii = a,, + q, aij = aij, i# j, i,j=l . . . ..n. 
Now it is easy to see that A(q) is nonnegative and 
4%)) = r(A) + 4. 
By Theorem 1 we have 
(6) 
n,.i<j..(aijUji)riX’n,n=l(aii + 91”’ 
= 
c;= ix; 
(7) 
Now, the inequality (5) follows immediately from (6) and (7). n 
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REMARK. The bound is invariant under diagonal similarity transforma- 
tions of A. 
Clearly, for 9 = 0 the inequality (5) implies (1). 
As a special case, namely for xi = l/n, i = 1,. . . , n, we provide a corol- 
lary. 
COROLLARY 3. For A > 0 the inequality 
r(A) > n 
holds fm any q > - min 1 <i < jaii}. In particular, 
r(A) > n fi (aij)1’n2. 
i,j=l 
Moreover, if A 2 0 is symmetric, then we can prove another inequality. 
THEOREM 4. Let A = (aij) > 0 be symmetric and x > 0 be a vector with 
Cl= ,xi = 1. Then the inequality 
r(A) > 
n,~i<j~,(aij+q2)2xix’IT~=l(aii+ql)x’ 
c;= pf - 91 -(n -l)q, (8) 
holds fm any q1 > 0 and q2 k 0. 
Proof. Let 
I.e., 
Zij = a,, + ql, Gij = aij + q2, if j, i,j=l ,...,n. 
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Then A(q,, 92) > 0 is symmetric, too. By Theorem 1 we obtain 
since aij + 9a = aji + 92. On the other hand, it is easy to prove 
Since A and A(q,, 92) are symmetric, by the perturbation theory for the 
eigenvalues of symmetric matrices [5, Section 3.1, or 7, Chapter 9, cl, this 
leads to 
r(A) 2 ‘(A(9,,9,))- 491- 9~)~ + 9zeeT), 
and hence the inequality (8) is true. W 
Using these results, we shall give necessary conditions for M-matrices. 
THEOREM 5. Let A = (u,~) satisfy uii > 0, uij < 0, i Z j, i, j = 1,. ..,n, 
and let x = (xl,. . . , x,,)~ be any nonnegative vector with Cy= lxi = 1. Then a 
necessary condition for A to be an M-matrix is 
(9) 
fw any 9 > 0. 
Proof. If A is an M-matrix, then r(B) < 1 for B = Z -(diag A)-‘A, i.e., 
B = ( bi j) satisfies 
bii = 0, 
‘ij 
bij = - -, i# j, i,j=l ,...,n. 
uii 
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Since B > 0, then by Theorem 2 we have 
275 
l> r(B) > 
nl~i<j~~(bijbji)x’x’~rf-l(b~j+q)” 
c;= gf 
-9 
aijaji ‘I*J 
nl<i<j<n - ( 1 q YE:‘= ,rp aiiajj 
z.z 
Ix;= 1x2 -4 
for any q > 0. By simple reformulation we derive (9). n 
As special cases, i.e. for q = 1 and for x = (l/n,. . . , l/njT, two simple 
results can be derived from Theorem 5 immediately. 
COROLLARY 6. Let the hypotheses of Theorem 5 be fulfilled. Then a 
necessary condition for A to be an M-matrix is 
COROLLARY 7. Let A satisfy a,, > 0, aij < 0, i Z j, i, j = l,..,, n. A 
necessary condition fm A to be an M-matrix is 
l-I 
aijaji 1+q FIX 
-<q_” - 
l<i<j<n aiiajj i i n 
for any q > 0. 
Concerning the case when A is symmetric, we can draw a similar 
conclusion by using Theorem 4. 
THEOREM 8. Let the hypotheses of Theorem 5 be fulfilled. 
symmetric, then a necessary condition for A to be an M-matrix (i.e. 
matrix; cf. [8, Definition 2.4.71) is 
I-I i 
'ij 
2xixj 
--+%I 
ldi<jCn ‘ii 1 <[l+ql+(n-l)q,]q;zY=lxf t i=l 
lf A is 
Stieltjes 
for any q1 > 0 and q2 2 0. 
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Similarly to the Corollaries 6 and 7, we can give some corresponding 
results. Here we omit them. 
Now we consider an arbitrary matrix A = (u,~>. We denote the compari- 
son matrix of A by m(A) = (mij), where 
mji = laiil and mij = - IaijI, i# j, i,j=l ,...,n. 
The matrix A is called an H-matrix if nc(A) is an M-matrix. Hence, from the 
results above we can conclude some necessary conditions for A to be an 
H-matrix. 
THEOREM 9. Let A=(ajj) satisfy uii#O, and let x=(x,,...,x,)~ be 
any nonnegative vector with ICY= lxi = 1. Then a necessury condition for A to 
be un H-matrix is 
for any q > 0. 
As with Theorem 8, some results analogous to Corollaries 6 and 7 can be 
derived. 
EXAMPLE 1. Let 
The Perron root is r(A) = 6 + J46 = 12.782330. 
Taking r = (i, t)‘, Theorem 1 yields 
r(A) 2:X4 l/a x62/” x72/” ~8~1” = 12.141252. 
Further, if we set q = 1.3 and r = (0.5,0.5)r, then Theorem 2 leads to 
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while by known inequalities we obtain 
r(A) a 
11 (by the Frobenius inequality [ 1, p. 37, or 6, p. 1521) 
11.512609 (by the Ledermann inequality [6, p. 1531) 
11.780914 (by the Ostrowski inequality [6, p. 1541) 
12 (by the Brauer inequality [6, p. 1551) 
12.125000 (by the Ostrowski-Schneider inequality 
[9, or 6, p. 1571) 
11 (by the Hall-Porsching inequality [3]) 
11.071068 (by the Szulc inequality [lo]). 
EXAMPLE 2. We consider the matrix given in [6, p. 1581 
The Perron root is r(A) = (7 + J65) = 7.5311289. 
Taking x = (&, 6, E)‘, Theorem 1 provides 
r(A) >$$x2 112/441 x313'/441 x51"l/441 2 6.5680618, 
and for y = 0.255 Theorem 2 yields 
r(A) &+$X2 112/441 x 3132/441 X t.25552/441 X 5.255121/441 _ 0,255 
= 6.5840530. 
By other inequalities we obtain 
r(A) 2 
5 (by the Frobenius inequality) 
5.4142136 (by the Ledermann inequality) 
5.5000000 (by the Ostrowski inequality) 
5.8541020 (by the Brauer inequality) 
5.0306749 (by the Ostrowski-Schneider inequality) 
5 (by the Hall-Porsching inequality) 
7 (by the Deutsch-Wielandt inequality [2]) 
4.9157801 (by the Szulc inequality). 
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REMARK. Some computational results of [6, p. 1581 are incorrect. 
Example 2 shows that our results are not always better than the known 
results. 
The author wishes to thank the referee fm various helpful suggestions for 
improvements to the paper. 
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